Introduction
Induction heating is a process involving the interaction of both electromagnetic and thermal transport. An eddy current is generated in the workpiece by the varying electromagnetic field produced by the alternating electrical current passing through the water-cooled induction coils. The majority of heat generated by the eddy current due to the Joule heating effect is concentrated in a surface layer of the workpiece. The thickness of this layer, called penetration depth, depends on the electromagnetic field frequency and material properties and is usually very small. The heat generated by induction can be modeled as the workpiece surface heat flux ͓1͔. For electrically conductive work-materials, the induction heating can quickly and accurately produce a desired temperature profile at selected locations. It is a convenient, noncontact heating method widely used in industry for applications such as the heat treatment ͑hardening, tempering, and annealing͒, melting, welding, and joining ͓2-5͔.
The design of induction heating systems needs to determine the heat generation and the resulting temperature profile in the workpiece. The rate of heat generated in the workpiece is determined by the magnetic and thermal properties of the work-material, electrical current through the induction coil, geometry, position and shape of the coil around the workpiece, as well as many other factors. Numerical modeling, which includes the magnetic and thermal analysis, has been applied to design the induction heating system ͓2͔. The finite element ͓6-13͔ and finite difference ͓14-17͔ methods have been applied to analyze the electromagnetic field generated by the coil for induction heating. The magnetic vector potential is calculated from the Maxwell's equations and applied to solve the induction heat generation rate or heat flux in the workpiece ͓6-8,16͔.
The magnetic permeability of the work-material is a key, but difficult to be accurately determined, parameter to solve the Maxwell's equations. The magnitude of magnetic permeability varies due to the change of magnetic field, temperature, as well as the alloy composition, impurities, and heat treatment of the workmaterial ͓13͔. clude the transition of magnetic permeability at Curie temperature and assume that the magnetic permeability is independent of magnetic field. More comprehensive magnetic permeability models, which consider the influence of temperature ͓10͔, magnetic intensity ͓11,12,15,17͔, or the combination of both temperature and magnetic intensity ͓14,16͔, have been developed to study the induction heating process. For newly developed materials, the comprehensive model of the magnetic permeability is also lacking. This has limited the capability to use numerical methods to determine the induction heat flux and the subsequent workpiece thermal modeling.
The goal of this research is to develop a method to experimentally determine the heat flux generated by induction without the information of the magnetic permeability and modeling of the magnetic field. The inverse heat transfer method ͓18͔ is applied. The temperature data measured by a thermocouple located near the induction heated region is used to estimate the heat flux generated on the workpiece surface. This method is suitable for a workpiece, such as the shaft and rod, with small variation of temperature across the cross section, when a single value can represent the temperature in the cross section. Based on this approach, an explicit finite difference model is developed to solve the inverse heat transfer problem and to find the induction heat flux based on experimental measurement.
The mathematical modeling is summarized in the following section. Setup of the induction heating experiments and configuration for temperature measurement are then presented. Experimental results and validation of heat flux estimated using the inverse heat transfer model are discussed in Sec. 4. Sensitivity to the grid spacing, thermocouple location, and thermophyciscal properties is investigated in Sec. 5. Finally, an example using the estimated heat flux as the input for finite element thermal analysis of induction heating is analyzed and results are compared with the finite difference prediction. modeling, and inverse heat transfer solution of heat flux generated in induction heating are discussed in the following three sections.
Effect of the Biot Number.
The Biot number is defined as ͓18͔:
where h is the convention coefficient, k is the thermal conductivity, and L c is characteristic dimension of the cross section, which is the span in the cross-section area to represent the worst possible condition of temperature variation. For Bi less than 0.1 ͓19͔, the temperature of the cross section can be represented by a single value at the node in finite difference analysis. An example is used to demonstrate the size of a carbon steel cross section that meets the Bi= 0.1 criterion. Using the room temperaturek =52 W/m·K for the carbon steel workpiece, under the free ͑natural͒ convection with h =10 W/m 2 ·K, L c is 520 mm. This indicates that, for a cross section with characteristic dimension less than 520 mm, regardless of the shape of the cross section, the temperature distribution in the workpiece can be represented by the nodal temperature of a series of connected nodes. Under forced convection with h =200 W/m 2 ·K, L c is 26 mm. The high convection coefficient creates larger temperature gradient between the surface and inside of the workpiece and limits the L c of the cross-section area suitable to be represented by a single temperature.
This example illustrates that, for the metallic material with reasonably high thermal conductivity, a wide range of workpiece cross-section size is applicable using the proposed method. The temperature gradient in the cross section of the workpiece with low Bi number will be further analyzed by using the finite element method later in Sec. 6.
Explicit Finite Difference Modeling of the Workpiece
With Low Cross Section Biot Number. The induction heating coils generate a heating region in the workpiece. The area without heating is referred as the cooling region. Assuming the workpiece is symmetry in the middle of the heating region, an adiabatic boundary condition exists in the middle of the heating region. The origin of the x axis locates on this adiabatic boundary surface. As shown in Fig. 2 , half of the workpiece is represented by nodes in both heating and cooling regions. The average temperature of the cross section in the adiabatic boundary surface is denoted as node 1. There are m 1 nodes in the heating region and m 2 nodes in the cooling region. The spacing between two adjacent nodes in the heating and cooling region is ⌬x h and ⌬x c , respectively. The length of the workpiece is 2L and the width of the heating region is 2L h . Therefore, ⌬x h = L h / ͑m 1 −1͒ and ⌬x c = ͑L − L h ͒ / m 2 . The perimeter and area of the cross section at node m is denoted P m and A m , respectively. The control volume at node m, as shown in Fig.  3 , is V m . Induction heating starts from time t = 0 and ends when t = t h . The heat flux generated in the heating region during heating stage ͑0 ഛ t ഛ t h ͒ is assumed uniform. When t Ͼ t h , heating stops and the whole workpiece is cooled under the convection and radiation.
Based on the energy balance method, explicit finite difference equations are derived for the heating and cooling stages.
Heating
Stage, 0 ഛ t ഛ t h . As shown in Fig. 3 , the energy exchange in the control volume at node m is influenced by the conduction between the node m and adjacent nodes m − 1 and m + 1 and the convection, radiation, and induction heat generation on the peripheral surface P m ⌬x , ⌬x is the width of the control volume. The conduction rate from node m −1 to m and from node m +1 to m is represented by heat flux qЉ cond,m−1 and qЉ cond,m+1 , respectively. The heat flux due to convection and radiation on the Transactions of the ASME peripheral surface of the control volume at node m is qЉ conv and qЉ rad , respectively. A uniform heat flux qЉ ind is applied on the surface of the peripheral heating region. Based on the finite difference method, the energy balance of the control volume at node m can be derived as
where is the density, c is the specific heat, ⌬t is the time increment, and T m p is the nodal temperature at node m and time step p. All the nodes fall into the following three categories: nodes in the heating region, nodes in the cooling region, and boundary nodes.
͑i͒ Nodes in the heating region ͑2 ഛ m ഛ m 1 −1͒
The energy balance in the control volume at node m in the heating region during the heating stage can be expressed as:
͑ii͒ Nodes in the cooling region ͑m 1 +1ഛ m ഛ m 1 + m 2 −1͒ For nodes in the cooling region, Eq. ͑3͒ with qЉ ind =0 is the energy balance equation. ͑iii͒ Boundary nodes ͑1,m 1 , m 1 + m 2 ͒ Three boundary nodes exist on the adiabatic boundary surface ͑node 1͒, at the interface between the heating and cooling regions ͑node m 1 ͒, and at the end of cooling region ͑node m 1 + m 2 ͒. To determine the thermal conditions more accurately, the half-width control volumes are assigned to the corresponding boundary nodes.
The energy balance of the control volume at node 1 is
The energy balance of the control volume at boundary node m 1 is
The energy balance of the control volume at boundary node m 1 + m 2 is
Cooling Stage, t Ͼ t h . No heat flux is generated by
induction during the cooling stage. Equations ͑3͒-͑6͒ with q ind Љ = 0 can be used as the finite difference representation of energy balance at all nodes.
Convection and Radiation Heat Flux.
A good approximation of the heat flux of a vertical wall due to free convection in air can be expressed using the following equation ͓4͔:
where B =1.8 W/m 2 ·K 1.25 for vertical walls, 1.3 W / m 2 ·K 1.25 for downward inclining horizontal walls, and 1.5 W / m 2 ·K 1.25 for upward inclining horizontal walls, and T ϱ is the ambient temperature.
The radiation heat flux can be expressed as
where is the emissivity of the work-material and s is the Stefan-Boltzmann constant ͑ s = 5.67ϫ 10 −8 W/m 2 K 4 ͒. depends on the qЉ ind . An objective function as the summation of the squares of the temperature discrepancy is defined as
Inverse
where n 1 is the number of time instants applied in the estimation algorithm, and n 2 is the number of thermocouples applied in the estimation algorithm.
By minimizing Obj͑q ind Љ ͒, the value of q ind Љ can be obtained. The golden section search method ͓20͔ is applied to find q ind Љ that minimizes Obj͑q ind Љ ͒. A search range for q ind Љ needs to be determined using the golden section search method. The lower bound of q ind Љ is 0, which represents that no heat flux is generated during the induction heating. The upper bound is determined by dividing the peak power output of the induction heating power supply and the peripheral surface area of the heating region. The correct value of q ind Љ that minimizes Obj͑q ind Љ ͒ lies between the upper and lower bounds and can be solved using the golden section search method.
Experiment
As shown in Fig. 4 , the induction heating experiment was conducted on a vertically suspended AISI 1020 low carbon steel rod, 1140 mm in length ͑2L͒ and 6.35 mm in radius ͑r͒. The watercooled induction coil, 4 mm in outside diameter, is located in the middle of the rod and creates a 11.3 mm wide ͑2L h ͒ heating region. An Ameritherm NOVA 1.0 induction heating unit is used to generate the alternating current in the coil, which produces the eddy current and the surface heating of the workpiece. The induction heating system automatically scans the operating frequency range from 50 to 450 kHz and selects the optimum operating frequency based on the coil and load combination. For the rod and coil combination shown in Fig. 4 , the operating frequency was 270 kHz and the power output was set at 0.8 kW.
Four type K thermocouples ͑Omega CO1-K͒ with butt bonded junction, tip size of 2.5 mm by 3.0 mm, and 10 to 20 ms response time are attached to the steel rod. As illustrated in the configuration of the induction heating experimental setup in Fig. 5 , the location of thermocouple 1 through 4 is marked as x 1 to x 4 , respectively. In this study, x 1 = 28.6 mm, x 2 = 35.8 mm, x 3 = 68.6 mm, and x 4 = 129.0 mm. Voltage signals from thermocouples are acquired using a 4-channel PC-based data acquisition system with the 250 Hz sampling rate. During the heating stage, the electromagnetic interference generates noise in the thermocouple voltage output and prohibits the temperature measurement. The measured temperature data is averaged and recorded every 0.5 s.
Three experiments were carried out with the duration of heating t h set at 15, 20, and 25 s. Each experiment was repeated three times to verify its repeatability.
Results
The experimental temperature measurements, calculated induction heat flux and finite difference modeling results, comparison of the experimental and modeling results, and measurement error analysis are discussed in the following sections. Figure 6 shows an example of the measured temperature during the cooling stage at four thermocouples with t h = 25 s. For a specific thermocouple, the temperature peaked at time t peak . The magnitude of the peak temperature is denoted as T peak . Since the heat generated by induction transfers like a thermal wave from the heating region toward both ends of the rod, the thermocouple closer to the heating region has higher T peak and lower t peak . The thermal energy is transferred via conduction through the rod. In the meantime, the thermal energy is also dissipated from the peripheral surface by convection and radiation and stored in the rod due to the increase in workpiece temperature and heat capacity, c. The loss and storage energy result the reduction in peak temperature T peak for thermocouples away from heating region.
Experimental Temperature Measurements.
The t peak and T peak at thermocouple 1 for the three repeated tests conducted at t h = 15, 20, and 25 s are listed in Table 1 . Longer duration of heating t h delivers more energy to the rod and generates higher temperature T peak . Longer t h also delays the time t peak for the thermocouple to reach the peak temperature. Three repeated tests show good agreement in T peak with less than 2% discrepancy. However, the maximum discrepancy of t peak is about 11%. This is due to the relatively flat temperature response near the peak. As shown later in Sec. 4.2, such discrepancy does not significantly change the calculated heat flux. . The convection coefficient varies from 0 to 6.8 W / m 2 · K with T m p − T ϱ varying from 0 to 200°C, which corresponds to Bi from 0 to 0.00167. The low Bi confirms that the assumption of uniform temperature in the cross section is suitable for this study. The ambient temperature T ϱ and initial temperature of the rod at t = 0 are both 21.4°C. The emissivity for thermal radiation heat flux in Eq. ͑8͒ is 0.7 ͓2͔.
Calculated Heat
Many options for selecting experimental data points of measured temperature for minimizing the objective function in Eq. ͑9͒ are possible. It can be one point, typically the peak temperature, such as E 2 ͑48.5 s, 228.0°C͒ in Fig. 6 . Or, it can be the combination of several points, such as the E 1 ͑28.5 s, 181.6°C͒, E 2 , and E 3 ͑78.5 s, 212.0°C͒. When only one data point is used, if the peak temperature is not selected, the modeling usually cannot accurately predict q ind Љ .
An example is used to illustrate the effect of data points selection. If one data point E 2 in Fig. 6 is used, the calculated q ind Љ is 1.103 MW/ m 2 . If E 1 ,E 2 , and E 3 are used, q ind Љ = 1.122 MW/ m 2 . This demonstrates that one peak temperature data point can provide accurate estimation of q ind Љ .
Using the T peak and corresponding t peak of the four thermocouples in three repeated tests ͑tests I, II, and III͒ of three experiments with t h = 15, 20, and 25 s, results of the 36 ͑=3 ϫ 3 ϫ 4͒ estimated q ind Љ are summarized in Table 2 . For three repeated tests, the calculated q ind Љ is very repeatable, less than 3.0% discrepancy, at thermocouples 1, 2, and 3. The slight difference may be caused by inconsistent induction power output at the beginning of the operation, which was observed during the experiments. Relatively high discrepancy, from 2.4% to 10.2%, can be seen in repeated tests conducted using the temperature data of thermocouple 4. The relatively low temperature, flat peaks of temperature profile, and the long distance from the heating region all contribute to the discrepancy in repeated test results. Also seen in the last three rows of Table 2 , for experiments at the same t h , the average q ind Љ estimated by the peak temperature at four thermocouples has some, but not significant, discrepancy. In summary, Table 2 demonstrates the feasibility of the proposed method to use a single measured temperature data point to estimate the q ind Љ and the consistency of the induction heating tests.
Comparison of Experimental and Modeling Results.
Based on the calculated induction heat flux q ind Љ , the temporal and spatial distribution of temperature on the rod can be analyzed using the finite difference method. The T peak and t peak at thermocouple 1 was used to calculate heat flux q ind Љ . Using this q ind Љ , the finite difference modeling was used to calculate the temperature. Results of the finite difference modeling ͑open symbols͒ and experimental measurement ͑lines͒ at four thermocouple locations are illustrated and compared in Fig. 7 . A good match can be seen on point E 2 , the location of T peak and t peak of thermocouple 1. The root mean square ͑rms͒ error, e rms , is defined as follows ͓18͔:
where N is the number of measurements.
The e rms is calculated at each thermocouple to quantity the discrepancy between the experimental and modeling temperature results.
As shown in Fig. 7 , temperatures at four thermocouples were measured when 28Ͻ t Ͻ 400 s. At each thermocouple, a total of 744 measurements were conducted. The e rms of thermocouple 1, 2, 3, and 4 is equal to 2.6, 3.7, 2.9, and 1.0°C, which is 1.13%, 2.02%, 2.85%, and 1.82% of its corresponding T peak , respectively. The e rms is due to the measurement errors and approximation of temperature-dependent thermophysical properties. The effect of measurement errors is discussed in the next section.
It is noted that, since the q ind Љ is calculated using the data of T peak and t peak of thermocouple 1, the error at thermocouple 1 is the lowest. Also, the finite difference modeling is able to predict the workpiece temperature during the heating stage ͑0 Ͻ t Ͻ 25 s͒, as the information not available in thermocouple-based experimental measurement. This is shown by the open symbols in Fig.  7 .
Measurement Error Analysis.
Four measurement errors and uncertainties have been identified as the key parameters that affect the estimated heat flux q ind Љ . These four parameters are: ͑1͒ the error of measured peak temperature T peak ; ͑2͒ the error of ambient temperature T ϱ ; ͑3͒ the uncertainty of thermocouple location x j ; and ͑4͒ the uncertainty of the instant for peak temperature t peak . Based on experimental data, the 95% confidence interval of the temperature reading is ±0.8°C. This is used as the error of T peak and T ϱ . The uncertainty of t peak is assumed as ±0.25 s ͑the interval of temperature data reading͒ and the uncertainty of x j is assumed as ±1.5 mm ͑the tip size of the thermocouple͒.
Higher T peak , t peak , and x j and lower T ϱ result in larger q ind Љ . The upper bound and lower bound of the heat flux q ind Љ can then be calculated. Result shows that the variance for the worst case of q ind Љ due to the extreme case of four measurement errors and uncertainties is less than ±0.04 q ind Љ at thermocouple 1. This demonstrates the insignificant influence of the measurement errors and uncertainties on the heat flux q ind Љ .
Sensitivity Analysis
The grid spacing, thermocouple location, and thermophysical properties used in the finite difference modeling all contribute to the variation of q ind Љ . The sensitivity to these factors to the inverse heat transfer solution of q ind Љ is studied. 
Sensitivity to Grid

Sensitivity to Thermocouple Location.
The sensitivity coefficient of the heat flux is defined as
where is a perturbation.
Larger sensitivity coefficient represents that the inverse problem is less sensitive to the measurement errors and more accurate estimates of parameters can be obtained ͓18͔. The sensitivity coefficient of the heat flux for different thermocouples at their own t peak is calculated and compared with each other. When q ind Љ = 1.103 MW/ m 2 and =10 −6 , the thermocouple 1 through 4 exhibits peak temperature at 48.2, 63.7, 159.2, and 401.1 s and has 1.817ϫ 10 −4 , 1.456ϫ 10 −4 , 0.691ϫ 10 −4 , and 0.276 ϫ 10 −4 K·m 2 / W sensitivity coefficient of the heat flux, respectively. Thermocouple 1 has the largest sensitivity coefficient and is the best location, among four thermocouples, to calculate the heat flux. This is also the thermocouple selected for inverse heat transfer analysis in this study. Table 3 . The maximal discrepancy is less the 3.6%, which shows that the uncertainties of B and have some but not significant effect on q ind Љ .
Sensitivity to
Finite Element Verification
The accuracy of finite difference model using a single nodal temperature value to represent the temperature distribution of the entire cross section is studied using the finite element method. The actual temperature distribution varies in the radial direction of the workpiece. In the heating region during the heating stage, the temperature difference between the center and surface of the workpiece can be large. Such temperature distribution is quantified using the finite element method. Results from the ANSYS finite element analysis are applied to validate the uniform temperature assumption and accuracy of finite difference modeling.
The AISI 1020 steel rod used in the previous sections for the induction heating experiment and finite difference modeling is meshed using the four-node, four degree-of-freedom quadrilateral axisymmetric elements. The mesh is shown in Fig. 9 . Ten elements ͑eleven nodes͒ across the radial direction and a total of Transactions of the ASME ments are 0.635 mmϫ 0.635 mm square shape. In the region of x Ͼ 80.01 mm, the mesh with 1919 elements is automatically generated by the ANSYS. Mesh in this region has less effect on the simulation results and does not need to be as dense as in the 0 ഛ x ഛ 80.01 mm area.
Along the center axis and in the symmetric plane of the rod ͑x =0͒, as shown in Fig. 9 , the boundary condition is adiabatic. The heat flux due to radiation and convection, calculated by the same equations as in the finite difference modeling ͑Sec. 2͒, is applied on the outer surface. Based on Sec. 4, a constant induction heat flux of 1.200 MW/ m 2 is applied on the peripheral surface of the heating region. The induction heating time t h =25 s.
Results of the finite element analysis at t = 15.0, 20.0, and 25.0 s and cross sections at x =0 mm ͑middle of the heating region͒, x = 5.6 mm ͑the interface of the heating and cooling regions͒, and x =30 mm ͑location of thermocouple 1͒ are shown in Fig. 10 ͑marked as FEM͒. For mutual comparison, the nodal temperature at corresponding positions and time instants are also obtained using the finite difference model ͑marked as FD model͒ and plotted as the horizontal dashed lines in Fig. 10 .
The finite element method is used to calculate the eleven nodal temperatures in the same cross section. At the cross section x = 0 mm when t = 15.0 s, the rod center and peripheral temperature is 492.2 and 571.3°C, respectively. The temperature difference in the cross section is about 80°C, which is significantly different from the constant cross-section temperature assumption used in the finite difference modeling. The finite difference method estimates that the temperature of the cross section is 538.2°C. The average of eleven nodal temperatures solved by finite element method is 532.1°C, which has only 1.1% discrepancy with the finite difference modeling. Similarly, for the cross section at x = 0 mm when t = 20.0 and 25.0 s, although the difference in temperature between the center and peripheral of the rod is about 80°C, the nodal temperature obtained from the finite difference method, 635.2 and 720.1°C, respectively, is also very close to the average temperatures solved using the finite element method at the eleven nodes of the same cross section.
The comparison of results obtained from finite difference method ͑nodal temperature͒ and finite element method ͑average cross-section temperature͒ at three cross sections ͑x = 0, 5.6, and 30 mm͒ and three time instants ͑t = 15.0, 20.0, and 25.0 s͒ is summarized in Table 4 . Very good agreement, less than 2.0% discrepancy, can be seen in the cross sections x = 0 and 5.6 mm.
In the cross section away from the heating region, the temperature difference between the center and peripheral of the rod becomes smaller. As shown in Fig. 10 , at x = 5.6 mm, the temperature difference is about 40°C. At x = 30 mm, the temperature distribution is almost uniform with less than 0.2°C ͑t = 25.0 s͒ difference from the center to the peripheral surface. This validates the use of a single value to represent the temperature of the cross section in the finite difference formulation to solve the induction heat flux.
Conclusions
The explicit finite difference and inverse heat transfer modeling was developed to solve the surface heat flux generated by induction of a long workpiece with low cross section Biot number. Experiments of induction heating of a carbon steel rod were carried out. Measured temperature data provided not only the input for inverse heat transfer solution but also the validation of the finite difference model. The sensitivity to the grid spacing, thermocouple location, and thermophysical properties was discussed. The finite element analysis showed significant difference in temperature variation in the cross section during heating and also demonstrated the feasibility to use a single nodal temperature to represent the average cross section temperature in finite difference modeling.
This study demonstrates the application of inverse heat transfer method to design and analyze the manufacturing process. The finite difference method presented in this study can be enhanced using the implicit formulation, which is expected to improve the computational time.
The method proposed in this study can be applied as a semi experimental method to determine the surface heat flux generated by induction. The temperature data from a thermocouple or infrared sensor can be used as the input for the inverse heating transfer solution of induction heat flux. This heat flux can be the input for induction heating of moving parts with complicated shape. One of the applications of the proposed method is to estimate the induction heat flux and, subsequently, the temperature profile on a rotating tool. The heated tool is used for machining of elastomers, elastomer-steel composites, plastics, and other soft, flexible engineering materials.
Nomenclature
A m ϭ area of the cross section at node m B ϭ coefficient for calculation of convection heat flux q conv
Љ
Bi ϭ Biot number e rms ϭ root mean square error c ϭ specific heat h ϭ convection coefficient k ϭ thermal conductivity L ϭ half length of the workpiece L c ϭ characteristic dimension of the workpiece L h ϭ half width of the heating region m ϭ node number m 1 ϭ number of nodes in the heating region m 2 ϭ number of nodes in the cooling region N ϭ number of measurements n 1 ϭ number of time instants n 2 ϭ number of thermocouples P m ϭ perimeter of the cross section at node m p ϭ time step q ind Љ ϭ surface heat flux generated by induction in the heating region q conv Љ ϭ surface heat flux due to heat convection q rad Љ ϭ surface heat flux due to radiation r ϭ radius of the rod T ϱ ϭ ambient temperature T peak ϭ peak temperature T x j ͉est t i ϭ temperatures estimated by finite difference model T x j ͉exp t i ϭ experimentally measured temperatures T m p ϭ nodal temperature at node m and time step p t ϭ time ⌬t ϭ time increment t i ϭ time instant of an experimental measurement t h ϭ duration of heating t peak ϭ instant for peak temperature x j ϭ location of thermocouple j from the center of the rod ⌬x ϭ width of the control volume ⌬x h ϭ spacing between two adjacent nodes in the heating region ⌬x c ϭ specing between two adjacent nodes in the cooling region V m ϭ volume of the control volume at node m ϭ emissivity ϭ perturbation 
